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to be explored, but the heavy technical details make progress difficult. Though mortally ill, Levinson
himself energetically investigated some of the further ramifications of his work. Certainly his work
will demand closer scrutiny in the years to come.
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THE EXISTENCE OF NON-MEASURABLE SETS

R. DANIEL MAULDIN

Let X be a set and 7 a locally compact T, topology of subsets of X. Let I be a nonnegative linear
functional on Cy(X) and let ¢ be the outer measure on X induced by I. These notations are taken
from Hewitt and Stromberg [1]. In their book, on pages 134 and 135, it is stated that no general facts
concerning the existence of non-i-measurable sets or methods of constructing such sets are known. In
this note, we hope to clear up this situation using only techniques which fall within the scope of those
developed in [1].

In order to give the general solution, we will use the construction given in the following lemma.

LEMMA. Let F be a compact subset of X such that (F)=k >0 and ({x})=0, for each x in F. Then
there is a compact subset H of F such that (H) >k /2 and a continuous map f of H onto the Cantor set,
C, such that «(f ~'(£))=0, for each t in C.

Proof. Let H(0) and H(1) be disjoint closed subsets of F such that k /4 <(H($)) <k /2, for t=0 or
1. An induction argument reveals that there is a system, { H(¢y,...,Z,): (¢},...,t,) is a finite sequence of
zeroes and ones}, such that for each n, the sets H(¢,,...,t,) are pairwise disjoint closed sets with
k/2"* < H(ty,...,t,))<k/2" and such that H(t,,...,t,) contains H(t,,...,1,,1), for t=0 or 1.
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Now, let H(n)= U {H(t,,...,t,): (t},...,1,) €{0,1}"}. Notice that each set H(n) is a compact subset
of F, H(n)D H(n+1) and ( H(n)) >k /2. Also notice that for each x in H= N H(n), there is exactly
one sequence ¢ =(ty,,13,...) in {0,1}" such that x € N {H(ty,...,t,): nEN}. So, define f: H—{0,1}",
by f(x)=t. It can be easily checked that f is onto C={0,1}". (We identify the Cantor set with {0,1}"
under the product topology.) It is easy to see that f is a continuous map and if t=(¢,%5,23,...) is a
point of the Cantor set, then f ~'(£)= N { H(¢y,...,t,): n€ N}, which means that «(f ~'(#))=0. Finally,
(H)>k/2.

We can now state some conditions under which every subset of X is measurable.

THEOREM. The following two statements are equivalent:

(1) every subset of X is i-measurable; and (2) there is a subset D of X such that X — D is a locally
t-null set and such that D N F is countable, for each compact subset F of X.

Proof. First, let us assume (1) holds. Let D= {x:¢{x})>0}. Since : is locally bounded (Theorem
9.5 of [1]), D N F is countable, for each compact set F.

Suppose that X — D is not locally null. Then there is a compact set T such that «(7'N (X — D)) >0.
Since every subset of X is measurable, there is a compact set F contained in 7 N (X — D) which has
positive measure. Let H be a compact subset of F with positive measure and f a continuous map of H
onto the Cantor set, C, as constructed in the lemma. Let W be a subset of C such that W and C— W
intersect every closed uncountable subset of C (Exercise .10.54 of [1]). Let E;=f"!(W) and
E,=f~Y(C—-W). If H, is a compact set contained in E;, then f(H,) is a compact set contained in W.
Thus, f(H,) is countable. Since f~!(f(H,)) has measure zero, H, has measure zero. Since E; is
measurable, « E;)=0. Similarly, «(E,)=0. Therefore, «( H)=0. This contradiction establishes the fact
that (1) implies (2).

Now, let us assume that (2) holds. If 4 is a subset of X, then 4 N(X— D) is locally null and
therefore 4 N(X— D) is measurable (Corollary 10.32 of [1]). Also, AN D is measurable, since
(AN D)N F is measurable for every compact set F (Theorem 10.31 of [1]). Therefore, 4 is measurable.
Thus, (2) implies (1). Q.E.D.

CoROLLARY. If ({x})=0, for each x in X and « is not the zero measure, then there are nonmeasur-
able sets.

Let us remark that if E is a subset of X such that X — E is locally null, then X — E is of measure
zero, and if X is o-compact, then obviously X — E is of measure zero.
The following example shows that it is possible that (2) holds and (X — D)= oo.

Example: Let Y={0} U {1/n:nEN} and letY have the relative topology as a subset of R, the
reals. Then Y is a compact T, space. Define p(4)=3{1/n*:1/n€ 4}, for every subset A of Y. Let
X=R XY, where R is the reals provided with the discrete topology and X has the product topology.
Then X is a locally compact T, space. If f is in Coo(X), then there are only finitely many ¢ in R so that
£, is not the zero function on Y, where f(y)=£(t,y). Define I on Cyo(X) by I(f)=2Z{ f fidu:tER}. It
can be easily seen that I is a nonnegative linear functional on X and that every subset of X is
measurable with respect to the induced measure ¢. The set D of statement (2) of the theorem is {(z,y):
y#0}. Finally, it can be checked that (X — D)= co.

The author wishes to thank Edwin Hewitt for his helpful comments.
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